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ON THE HOMOTOPY OF SIMPLICIAL ALGEBRAS
OVER AN OPERAD

BENOIT FRESSE

ABSTRACT. According to a result of H. Cartan, the homotopy of a simplicial
commutative algebra is equipped with divided power operations. In this arti-
cle, we show how to extend this result to other kinds of algebras. For instance,
we prove that the homotopy of a simplicial Lie algebra is equipped with the
structure of a restricted Lie algebra.

INTRODUCTION

According to a result of H. Cartan (cf. [5]), the homotopy of a simplicial commu-
tative algebra is equipped with divided power operations. In this paper, we provide
a general approach to the construction of such operations in the context of simpli-
cial algebras over an operad. To be precise, we work over a fixed field F, and we
consider operads in the category of F-modules. An operad is an algebraic device
that specifies a type of algebras. There are operads Com, As, Lie, and Pois, whose
algebras are respectively commutative algebras, associative algebras, Lie algebras
and Poisson algebras. In general, if P denotes an operad, then we call P-algebras
the associated algebras.

First, we generalize the notion of a divided power in the context of algebras over
an operad. This is done as follows. Recall that the free commutative algebra is
given by the formula

T(Com,V) = @(V@’”)sn for V € Modp .

If we replace the coinvariants by the invariants in this construction, then it is known
that we obtain the free divided power algebra

I'(Com,V) = @(V@’”)S” for V € Modp .
n
Now, an operad P consists of a sequence of S,-modules P(n) equipped with a
certain product structure. The free P-algebra T'(P, V') has the following expansion:
T(P,V) = @(P(n) @ V¥")s, for V € Modr .

Equivalently, the functor T'(P, —) defined by the formula above is a monad which
has the P-algebras as associated algebras. We show that the functor I'(P, —) defined
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by
I(P,V) = P(P(n) @ V¥")S* for V € Modr,

n

is also equipped with a monad structure. We call P-algebra with divided symme-
tries (or I'P-algebra for short) an algebra over the monad I'(P,—). This notion
generalizes the structure of a divided power algebra. In fact, by the observation
recalled above, a I'Com-algebra is nothing but a divided power algebra. We de-
termine explicitly the structure of a I'P-algebra for the other classical operads
P = As, Lie, Pois. We prove the following main result (see theorem 1.2.5 for a
more precise statement):

0.1. Theorem. Fix a ground field F of characteristic p. Let Lie denote the Lie
operad. Hence, the free Lie algebra has the expansion

T(Lie,V) = EP(Lie(n) ® VE")s, .

n

We claim that the functor
I(Lie, V) = @ (Lie(n) @ V")

n

represents the free p-restricted Lie algebra.

This theorem does not seem to occur in the literature. It implies that a I" Lie-
algebra is a p-restricted Lie algebra. In this sense, p-restricted Lie algebras play
the same role with respect to Lie algebras as divided power algebras with respect
to commutative algebras. In the case of the associative operad, we have

T(As, V) =T(As,V) = PVe"

(As(n) is the regular representation F[S,]). It follows that a I" As-algebra does not
carry more structure than an associative algebra.
Now, we can state our generalization of Cartan’s result.

0.2. Theorem. Let A be a 2-reduced simplicial P-algebra (i.e., Ag = Ay = 0).
The homotopy of A, which is the homology of the associated complex, is equipped
with a structure of a graded I'P-algebra.

The results of this article were announced in [13].

Acknowledgements. 1 am grateful to J. McCleary for his careful reading of the
preliminary manuscript and to V. Franjou for enlightened remarks. I thank the
referee for his careful reading of the present article which helped us to eliminate
some significant inaccuracies from the final version.

Summary. 1. Algebras with divided symmetries

1.1. Operads and associated monads. In this section, we recall the basics of
operad theory, and in parallel, we define the notion of a I'P-algebra.

1.2. Examples. We write down the structure of a I'P-algebra, when P is one of
the classical operads cited above, As, Com, Lie, Pois.
2. Homotopy operations

2.1. General theory and classical results. We recall some classical results on the
nonlinear derived functors of Dold and Puppe.
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2.2. Homotopy operations for simplicial algebras over an operad. In this paper,
we are concerned with T'(P)., the derived functor of the monad T'(P, —) associated
to an operad P. The functor T(P), is equipped with a canonical monad structure
and the homotopy of a simplicial P-algebra is an algebra over this monad T'(P)..
We construct an embedding T'(P, V) — T(P).(V) and theorem 0.2 follows.

Notation and conventions.

0.3. Ground categories. Throughout this paper we work over a fixed field F of
characteristic p. We denote by Modg the category of F-modules, by s Modg the
category of simplicial F-modules and by n Modg the category of positively graded
F-modules. We denote by F(Modg) the category of endofunctors of Modg. If x is
a homogeneous element in a graded module, then |z| denotes the degree of x.

0.4. Permutations. We denote the symmetric group by S,. Let a = (aq,...,q;)
be an r-tuple of non-negative integers such that n = a3 + -+ + a,.. We denote by
Sa the Young subgroup of S,

Say X o+ X 84, — Sp.

A permutation of S, which is the direct product of o1 € Su,, ..., 0r € S4,, is
denoted by 01®- - -@®o,.. If s € S,., then s(aq, ... ,a,) denotes the block permutation
of S, which is defined by

s(ar, ..., ap)(aga) + -+ agqo1) + k) =1 + -+ agq—1 +
k:].,... y As(1) l:]., , T

In particular, if 7 denotes the transposition of Sy, then 7(i,j) € S, is the block
transposition:

T(Z7j)(k):1/+k7 kz]‘""?j?
(4, 5)(J + k) =k, k=1,... .
Let M;,i=1,...,r, be an S,,-module. The tensor product M; ® --- ® M, is

an S,-module. We may identify the tensor z1 ® --- @ z, € M ® --- ® M, with
its image in the induced module Indé: M, ® ---® M,. Moreover, if o € S,,, then
o-21® -+ & x, denotes the action of 0 on 21 ® --- ® x, in IndgzM1®---®Mr.
Hence, - 21 ® - - - ® x, is the tensor

cRT®- @z, € F[S,] Opjs, M1®~-®Mr:Ind§ZM1®~-®MT.
0.5. Place permutation. Let V be an F-module. The symmetric group .S, acts on
V& by place permutation. If v; ® -+ ® v, € V®", then we denote
s (V1 ® @ Vp) 1= Ve(1) @+ ® V()
5:(V1 ® - ®Vp) = V1) ® - @ Vg1(y).

If V is graded, then we insert the appropriate signs in these formulas.

0.6. Operads. In the sequel, an operad denotes an operad in the monoidal category
of F-modules (Modg, ®) (cf. 1.1.10). Furthermore, any operad P is tacitly assumed
to be connected (explicitly, P(0) = 0). We use the language of monads (following
the terminology of [23] Chapter VI]). In the literature, a monad is also known as a
triple (cf. [I, Chapter 3]).
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1. ALGEBRAS WITH DIVIDED SYMMETRIES

1.1. Operads and associated monads.

1.1.1. On symmetric sequences and associated functors. A symmetric sequence
of F-modules M is a sequence of S,-modules M(n), n > 0. We say that M is
connected if M(0) = 0. A morphism of symmetric sequences f : M — N is a
sequence of morphisms of S,,-modules f : M (n) — N(n). We denote the category
of symmetric sequences by Modf?. The notation z € M (n) may be abbreviated to
x € M. The degree of x, denoted by |z|, is the integer n. In this article, we follow
the terminology of [20]. A symmetric sequence is also known as a collection (cf.
[16]), and as an S-module (cf. [15], [I4]).

Recall the definition of the functors T'(M, —) : Modg — Modg and I'(M, —) :
Modg — Modg. Let V be an F-module. We set

T(M,V) = PMn) @ Vo),
n>0
and
(M, V) = PM(n) @ VEr)Sn.
n>0

Observe that one can extend T'(M, —) and I'(M, —) to the category of graded F-
modules n Modg.

Recall that F(Modg) denotes the category of endofunctors of Modg. Clearly,
we have functors

T : Modg — F(Modg) and I : Mody — F(Modg),

such that T(M)(V) :=T(M,V) and I'(M)(V) := I'(M, V). These functors T" and
T" are faithful. But, in positive characteristic, 7' and I" are not full. As an example,
the p-th power (also known as the Frobenius) is a natural transformation

o (VEg, — (VEP)g

pn?

which is not induced by a morphism of symmetric sequences.
In characteristic 0, we have a natural isomorphism

Tr:T =T

given by the norm map (cf. 1.1.14). But, in positive characteristic, the functors
T and T" are distinct. To be more explicit, as a remark, we mention the following
result.

1.1.2. Proposition. Let M, N be symmetric sequences. We assume that the S,,-
modules M(n) and N(n) are all finite. If there is an isomorphism of functors

¢:T(M)—T(N),

then M and N are necessarily projective. Moreover, there is an isomorphism of
symmetric sequences ¢' : M — N such that

¢ =T(¢) Trar = Trn - T(¢'),
where Tr : T — T denotes the norm map (cf. 1.1.14).
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A symmetric sequence M is projective if each S,-module M(n) is a projective
representation.

We do not prove this proposition here; we just mention that the main ingredient
of the proof is given by the polynomial filtrations of the functors T'(M) and T'(N)
(cf. [19]).

1.1.3. The structure of the category of functors on F-modules. Let S, T € F(Modr).
The tensor product of S and T is the functor defined by

ST)V)=S(V)eT(V) for Ve Modr.
The composition product of S and T is the functor defined by
(SoT)V)=8(T(V)) forV € Modr.
Clearly, the tensor product of functors
) : F(Modg) x F(Modg) — F(Modg)

is a unital, associative and symmetric bifunctor. Namely, (F(Modg),®) form a
symmetric monoidal category (see [23| Chapter XI]). The composition product of
functors

o f(MOdF) X f(MOdF) — f(MOdF)

is a unital and associative (but not symmetric) bifunctor. Namely, (F(Modg), o)
form a (nonsymmetric) monoidal category (see [23] Chapter VII]). In the sequel,
we show that the functors T : Modg — F(Modg) and T : Mody — F(Modp)
reflect the tensor product and the composition product of functors.

1.1.4. The tensor product of symmetric sequences. Let M and N be symmetric
sequences. The tensor product of M and N is the symmetric sequence given by the
formula

(M ®N)(n):= @ Indgy, g M(@i) @ N().
i+j=n
The tensor product of symmetric sequences

&) : Modg x Modg — Modg

is a unital, associative and symmetric bifunctor. Thus, (Modg, ®) form a symmetric
monoidal category (cf. [20] Section 2]). Let us specify the unit and the symmetry
isomorphism of ®. The unit is the symmetric sequence 1, which is concentrated in
degree 0, and has 1(0) = F. The symmetry operator

T MON — NQM

is characterized as follows. Let o € S,, x € M (i) and y € N(j). Recall that
Sy,

og-x®y € (M ®N)(n) denotes the tensor c @ x @ y € Indgr, 5, M) @ N(j) (see
0.4). We set
(oY) =0-7(0]) y @,

where 7(i,j) € S, is the block transposition defined in (0.4).
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1.1.5. Remark. Recall that a symmetric sequence is equivalent to a functor from

the category of finite sets and bijections to the category of F-modules (cf. [16], [15]).

If M is a symmetric sequence, then the associated functor is given by the formula
M(I):=F[Bij({1,...,n}, )] ®s, M(n),

where n is the cardinal of the set I. If we start from this numbering-free definition
and consider a symmetric sequence as a functor, then the definition of the tensor
product of symmetric sequences becomes simpler: we have

(M@N)I)= € ML) N(I)
I Ul,=1

(the sum ranges over the set of ordered partitions of ). The image of x ® y €
M(I1) ® N(I2) under the symmetry isomorphism is y ® x € N(I3) @ M (I1) (cf. [20]
Section 2]).

1.1.6. Proposition. The functors T : Mody — F(Modg) and T' : Mods —
F(Modg) commute with the tensor product. Explicitly, we have isomorphisms
T(M®N) ~T(M)®T(N) and I'M®N) ~T'(M)®T(N)

natural in M, N € Mod}z. Furthermore, these natural isomorphisms preserve the
symmetry isomorphisms.

1.1.7. The tensor power of a symmetric sequence. Since the tensor product of
symmetric sequences is symmetric, the r-th tensor power of a symmetric sequence
is equipped with an S,-action. Explicitly, let M be a symmetric sequence. Then,
any s € S, yields a morphism of symmetric sequences

s MO — MO,
Furthermore, we have (st)* = t*s*. In the sequel, we shall also consider the trans-

formation s, := (s71)*.
Let us make the structure of M®" more explicit. We have the identity

M ()= P IndgzlxmxswM(a1)®--~®M(aT).
a1 +-tar=n

Let 0 € Sy, 21 € M(ay), ..., o € M(a). Recall that 0 - 21 ® - ® 2, € M®"(n)
denotes the tensor

CRITIR - Qx, EIndgzM(ozl)@---@M(aT)
(see 0.4). We have
s(0- 21 ® - Qxp) =0 8(Qr, ..., 00)  Te1) @ @ Ty,
where s(a1,...,a,) € Sy is the block permutation defined in (0.4).

1.1.8. The composition product of symmetric sequences. Let M and N be symmet-
ric sequences. The composition product of M and N is the symmetric sequence

MoN :=P(M(r)® N®)s,.

The composition product of M and N with divided symmetries is the symmetric
sequence

M3N :=PM(r) @ N®")*".
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The composition product of symmetric sequences and the composition product of
symmetric sequences with divided symmetries

o : Modj x Mods — Modj and 3 : Modg x Mods — Modg

are both unital and associative (but not symmetric) bifunctors. In fact, the sym-
metric sequence I, which is concentrated in degree 1 and has I(1) = F, is a unit
for both of these composition products.

1.1.9. Proposition. The functors T : Mody — F(Modg) and T' : Mods —
F(Modg) reflect the composition product of functors. More precisely, we have iso-
morphisms

T(MoN) ~ T(M)oT(N) and I'(MSN) ~T(M)oT(N)
natural in M, N € Mod;.

1.1.10. Operads. An operad P is a symmetric sequence equipped with an associative
product p : PoP — P together with aunitn: I — P (cf. [T5]). By construction
of the composition product of symmetric sequences, it is equivalent to give products

Pn)@Pla1) @ @ Play) — Plar + -+ ay),

which are associative, unital, and equivariant in some natural sense (cf. [26, Chapter
1]). The image of pR 1 ® -+ ® ¢y € P(n) @ P(a1) @ - - - ® P(cv,) under the operad
product is denoted by p(qi,...,qn). The element 1 € P(1) represents the unit of
the operad.

1.1.11. Algebras over an operad. By the last proposition, p induces a unital and
associative product T'(P)oT(P) — T(P). Hence, T(P) is equipped with a monad
structure (cf. |26, Chapter 2]). An algebra over T'(P), also known as a P-algebra,
is an F-module A together with a product A : T(P, A) — A, which is associative
and unital with respect to the monad structure. It is equivalent to equip A with
Sp-invariant products

P(n) ®A®n — Aa

which are associative and unital with respect to the operad structure. The image
of p@a; ® - ®a, € P(n) ® A°" under the P-algebra product is denoted by
p(ai,...,ay). By definition, T(P,V) is the free P-algebra generated by V. Recall
that we can extend the functor T'(P,—) to the category of graded F-modules.
Therefore, we have a notion of a graded P-algebra.

1.1.12. Connected operads and augmented P-algebras. Recall that an operad P is
connected if P(0) = 0. If P is not connected, then let & = P(0). Furthermore, let
‘P be the connected operad such that

= 0, if n =0,

Pn) = {P(n), otherwise.

Clearly, K is a P-algebra. Moreover, the structure of a P-algebra is equivalent to
the structure of a P-algebra under K. Recall that a P-algebra under K is a P-
algebra A equipped with a fixed P-algebra morphism 74 : K — A. Conversely,
a P-algebra is equivalent to a P-algebra over K. Recall that a P-algebra over K
is a P-algebra A equipped with a fixed P-algebra morphism e¢4 : A — K. This
morphism €4 is also known as an augmentation, and a P-algebra over K is also
known as an augmented P-algebra.
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In the sequel, if P is an operad, then we tacitly assume that P is connected. We
concentrate on connected operads, because the divided power structure of a commu-
tative algebra A is carried by the augmentation ideal of A (see 1.2.2). Furthermore,
the connectedness hypothesis is required to equip the functor I'(P, —) with a monad
structure (see proposition 1.1.15), and hence, to generalize the notion of a divided
power algebra.

1.1.13. Ezamples. As mentioned in the introduction, there are operads Com, As,
Lie and Pois, whose algebras are, respectively, commutative algebras, associative
algebras, Lie algebras and Poisson algebras. We follow the notation of Ginzburg and
Kapranov (cf. [16]). Thus, the operads Com, As, Lie and Pois are connected and
their algebras have no unit. We denote by Com,, As; and Pois; the associated
operads for unital algebras. If P = Com, As or Pois, then we have

F, if n =0,

Pin) = {P(n), otherwise.

In characteristic 2, a Lie bracket is just assumed to be antisymmetric. We do
not have necessarily [z,2] = 0. In fact, we cannot encode such a relation in the
structure of an algebra over an operad, because this relation is not linear. Recall
that the free associative algebra is the tensor algebra

T(As,V)=T(V) =P Vver,
n>1
and the free commutative algebra is the symmetric algebra
T(Com,V)=38(V) = @(V@@”)Sn.
n>1

The free Lie algebra is more difficult to describe (see [27]). The Poisson operad is
the composite Pois = Como Lie (cf. 1.2.17). As a consequence, we have

T(Pois, V) =T (Com, T (Lie,V)).

An element of the S,,-module P(n) can be regarded as a multilinear polynomial in
n-variables Xi,..., X, for the algebra structures associated to P. The symmetric
group S, acts on P(n) by permutation of the variables. For example, we have

As(n) = Span(Xyq) -+ Xgn); § € Sn ),
Com(n) = Span( X1 --- X, ),
Lie(n) = Span( [[- - [Xsa), Xs2)], - - |, Xs()]; 5 € Sn and 5(1) =1).
We use this representation in the calculations of the next section.

To complete this section, we compare the functors 7" and I'. In particular, if P is
a connected operad, then we show that I'(P) is equipped with a monad structure.

1.1.14. The norm map. Let X be an S,-module. The norm map is the natural
transformation

Tr: Xg — X5
given by Tr(z) =3 5 sz

For M a symmetric sequence and V an F-module, we have a natural transfor-
mation

Trasy : T(M,V) — T(M,V)
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given by the norm map above. Similarly, if M and N are symmetric sequences,
then we have a morphism of symmetric sequences

TI‘M’N :MoN — MOoN.
In general, the norm map Tr : X5, — X" is not an isomorphism. In particu-

lar, Trasy : T(M,V) — T'(M,V) is not an isomorphism of functors. Nevertheless,
for symmetric sequences, we have

1.1.15. Proposition. Let M, N be symmetric sequences. If N is connected, then
the norm map

TI‘M’NIMON — MGoN
is an isomorphism. (Recall that N is connected if N(0) =0.)
This proposition is an immediate consequence of the following lemma.

1.1.16. Lemma. If N is connected, then S, acts freely on the symmetric sequence
N@®". More precisely, there are S,-modules G(n), n > 0, such that we have S-S, -
bimodule identities

N®"(n) = F[S,] ® G(n), n > 0.

The lemma is immediate, if one calls for the equivalent definition of the tensor
product of symmetric sequences, which is given in remark 1.1.5. Nevertheless, we
give another proof because we need insights into the proposition.

Fix an integer n. Below, we define a groupoid G, whose objects are indexed by
the set of r-tuples of positive integers o = (a, ... , @;) such that a3 + -+ a, = n.

The groups S, and S, embed into the morphisms of G,. Furthermore, we have an
Sy-Sp-module identity

N®"(n) = (P F[Ga] @5, (N(a1) ® -+ @ N(aw)).

The lemma is an immediate consequence of the fact 1.1.17 below.

The object indexed by « is set to be the set G, = S,,. The morphisms of the
groupoid are the composites of the following bijections:

— Let 0; € Sq,, 4 =1,...,r. The right translate by o1 @ - -- ® o, gives rise to

(1@ ®0.)" : Gy — G,

— Let s € S;.. We denote by a® the r-tuple (a1, ... , @s)). The right translate
by s(ai,...,q) gives rise to

§* Gy — Ggs.
If o;,75 € Sa,, i =1,...,r, then we have
(1@ @o) (M@ On) = (no1 @ ©10.)"

If s,t € Sy, then t*s* = (st)*. Moreover, for s, 01,...,0, as above, we have

(0s1) @+ B Os()"s" =5" (1@ Doy)".
Thus, any morphism u : G, — G has a decomposition of the form

u=s(o1® - do,)".

The following fact implies that such a decomposition is unique.

1.1.17. Fact. Let s, o1,...,0. be as above. If s*(01 @ -+ @ o,)*w = w for some
w€E Gq, thens=1,and oy =1,... ,0, = 1.
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1.1.18. Algebras with divided symmetries. Now, if P is a connected operad, then
there is a product: i : PoP — P. If p: PoP — P is the operad product,
then g is the composite

PSP«—PoP 5P

Observe that g is unital and associative, because p is, and because the norm map
Tras,n is “associative” in an appropriate sense. As a consequence, the functor I'(P)
is equipped with a monad structure. Let us recapitulate the definition of the monad
product

I'(P,T(P,V)) —T(P,V).

We compose the following morphisms. First, we interchange I' with the tensor
power

PP ore,v)er)T = @ r) @ T (P, V).

T

Then, we have the identities

Prm e r=rmeven™)T
_69 P®r "(n) ® V®n)S"
=@<(P6P><n> AU

These operations compose the canonical isomorphism
I'(P,T(P,V))—T (P3P, V).
We compose this isomorphism with the inverse of the norm map
(PSP, V)«—T(PoP,V).
Finally, we apply the operad product
N(PoP,V)—TI(P,V).

We define a P-algebra with divided symmetries (a T'P-algebra for short) to be
an algebra over the monad I'(P). In general, T(P) and I'(P) are distinct functors.
Therefore, the I'P-algebras and the P-algebras are not equivalent structures.

Nevertheless, the next lemma implies that the norm map

T(P,V) — I(P,V)

is a morphism of monads. Because of this property, we have a forgetful functor
from the category of I'P-algebras to the category of P-algebras. Explicitly, if A is
a ['P-algebra, then the composite of the norm map with the I'P-algebra product

T(P,A) 5T(P,A) — A

equips A with a P-algebra product.
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1.1.19. Lemma. The obvious diagram

T(M,T(N,V)) T(M,T(N,V))
ﬂMoMﬁf/g// = T(MGSN,V)
|
I'(M,T(N,V)) I'(M,T(N,V))
(Mo N,V) = HMSM&T/Q//

18 commutative.

Proof. The squares in the foreground and in the background commute by natu-
rality of the norm map. The commutativity of the whole diagram follows from a
straightforward verification. O

1.1.20. The P-algebra structure of the free I'P-algebra. As an example, the free I'P-
algebra A = T'(P, V) is endowed with a P-algebra structure. The P-algebra product
T(P,T'(P,V)) — I'(P,V) is the composite of the norm map T'(P,I'(P,V)) —
I'(P,T'(P,V)) with the monad product I'(P,I'(P,V)) — I'(P,V). The lemma
implies also that the norm map T(P,V) — I'(P,V) is a P-algebra morphism.

Let p € P(r), y1,...,7 € I'(P,V). We write down an explicit formula for the
product p(v1,...,7) in I'(P, V). Assume that 7 is the tensor

D dly @ vy € (Play) ® VEU)Sor,
i

where qék) € P(ay) and yék) € V®a Let n = ay+---+a,. By concatenation, we
obtain the word

iy @n
Yy €V
and if s € S}, then by place permutation we obtain the word denoted by
i ir n
s« (v ) €V
We have

s€SH/Sa

1.2. Examples. In this section, we give an explicit description of the structure
of a I'P-algebra for the classical operads P = Com, As, Lie, Pois. In each case, a
I'P-algebra is just a P-algebra equipped with additional operations.

1.2.1. The case of a projective operad. Let P be an operad. If P is projective as a
symmetric sequence (for example, if P = As), then the norm map Tr : T(P,V) —
(P, V) is an isomorphism. In other words, in this case, a 'P-algebra does not carry
more structure than a P-algebra.
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1.2.2. Divided power algebras. Let us recall the notion of a divided power algebra.
Let A be an augmented (graded) commutative algebra. Let A denote the augmen-
tation ideal of A. The unital algebra A (or the nonunital algebra A) is equipped
with the structure of a divided power algebra if there are operations v; : A — A,
i > 0, such that

’yl(x):xv x—i—y ZV] 71 ]
W) = i), () = %w (@)
and
(@) = R )

il(7!)?

(By convention vg(x) := 1, Vo € A.) In the graded case, the divided powers v; are

supposed to multiply the degree by i and in the case p # 2 to vanish in odd degree.
The next proposition is well known (cf. [6], [2]]).

1.2.3. Proposition. The free nonunital (graded) divided power algebra functor is
given by

L(Com,V) = @PVE™)s"

n>1

As a consequence, a (graded) T'Com-algebra is nothing but a (graded) divided
power algebra. Let A be a I' Com-algebra. The i-th divided power ~;(a) of @ € A is
the image of a®® € T'(Com, A) under the I' Com-algebra product A : T'(Com, A) —
A.

1.2.4. Restricted Lie algebras. Recall that a (graded) restricted Lie algebra is a
(graded) Lie algebra g equipped with a Frobenius F': ¢ — g¢. In the graded case,
F is supposed to multiply the degree by p and to vanish in odd degree in the case
p # 2. We denote by £,(V) the free (graded) restricted Lie algebra generated by
V.

Recall that Asy denotes the operad of unital associative algebras (cf. 1.1.13).
We have

F, if n=0,

Asi(n) = {As(n), otherwise.

Thus,
(ASJra - @ V®n

n>0

Furthermore, observe that I'(Asy, V) = T(As;,V) = T(V). As a consequence,
I(Asy, —) is equipped with a monad structure, despite the fact that As, is non-
connected. The operad embedding Lie — As; induces a monad embedding
I'(Lie,V) — T'(As4, V) =T (V).

On the other hand, any unital (graded) associative algebra A has a structure of
a restricted Lie algebra; the Lie bracket is given by [a,b] := ab — ba, Va,b € A, and
the Frobenius by F(a) := a?, Va € A. As a consequence, we have a morphism of
monads £,(V) — T(V). Furthermore, it is well known that this morphism is an
embedding (cf. [2I], Section V.7]).
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1.2.5. Theorem. The sub-monads I'(Lie,V) C T(V) and £,(V) C T(V) are
equal. A (graded) T' Lie-algebra is, in fact, a (graded) restricted Lie algebra.

For simplicity, we work with ungraded objects. First, we prove that I'(Lie, V)
is stable under the Lie bracket and the Frobenius in T'(V). These assertions follow
respectively from the lemma 1.2.6 and from the lemma 1.2.7 below. As a con-
sequence, we obtain £,(V) C I'(Lie,V). The tensor algebra T'(V) is equipped
with a coproduct known as the shuffle coproduct. Furthermore, it is known that
Lp(V) C T(V) is the primitive part of T(V) (cf. [2I) Section V.7]). We prove
that T'(Lie, V') is primitive in T(V). Hence, finally, we also have the inclusion
I'(Lie,V) C PrimT(V) = £,(V), and the theorem follows. Let us mention that
the second assertion of the theorem is an immediate consequence of the first one.

1.2.6. Lemma. Let V be the F-module generated by x and y. We have [z,y]| €
I'(Lie, V).

Proof. The tensors X; ® z,X; ®y € (Asy (1) ® V)1 are the images of z,y € V
under the canonical embedding V- — T'(Asy, V). By (1.1.20), the bracket [z, y] =
2y —yx in D(Asy, V) is given by the formula

X1Xo® @y +XoXi®@yer) —X1Xo® (y@x) — Xo X1 ® (2 Qy).
This last expression is equal to

(X1, Xo] @ (z @ y) + [X2, Xa] @ (y @ ),

which belongs to (Lie(2) @ V2)S2 C T'(Lie, V). O
1.2.7. Lemma. Let V be the F-module generated by x. We have aP € I'(Lie, V).
Proof. By (1.1.20), the p-th power of = in I'(Asy, V) is given by the formula

D Xy X @2,
sES)
Thus, we have to show that Zsesp Xo)  Xs(p)
lows from the Jacobson relation: If X and Y are noncommutative variables, then
(X+Y)P—XP—YP is asum of Lie polynomials (cf. 21 Section V.7]). By an imme-
diate induction, the product Esesp X1y Xg(p), which is the multilinear part of

(X144 X,)P — X¥ — .- — XP is a Lie polynomial. O

is a Lie polynomial. This fol-

1.2.8. Remark. It is possible to write down an explicit formula for the Frobenius.
In fact, after an elementary enumeration exercise, one may show the identity

o Xy X = O [ Ky, Xl -1 X))
SES, s(1)=1
Hence, the image of x € V under the Frobenius in I'(Lie, V) is given by the formula
F(z) = ( Z ([ [Xs), Xs)ls - '])Xs(p)]) ® %P
s(1)=1
1.2.9. Remark. Notice that if g is a 2-restricted Lie algebra (in our sense), then we

have [z,z] = 2F(x) =0, Vz € g.

Now, we prove that I'(Lie, V') is primitive in T'(V). For this purpose, we intro-
duce the following notion:
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1.2.10. Hopf algebras in the monoidal category of symmetric sequences. One may
define the structure of an associative algebra, the structure of a cocommutative
algebra and the structure of a Hopf algebra in any symmetric monoidal category
(see [23, 26, Chapter VII], [I4] Appendix A]). Explicitly, let M be a symmetric
monoidal category. We denote the tensor product of M by ® and the unit of ®
by 1. An associative algebra in M is an object A € M equipped with a unit
n:1 — Aand aproduct p: A® A — A. Moreover, the product p is assumed
to be associative and has a unit given by 7. More explicitly, we have the classical
relations:

pop@la=p-la®wp and  p-n@la=la=p-14@n.

Similarly, a cocommutative coalgebra in M is an object C' € M equipped with an
augmented coassociative and cocommutative coproduct A : C — C ® C. The
augmentation is a morphism € : C' — 1. Thus, we have

A®le-A=1lc®A-A, 7 A=A
and
eRle-A=1lcg=1c®e-A.

A cocommutative Hopf algebra in M is an object H € M equipped with both a
structure of an associative algebra and a structure of a cocommutative coalgebra.
Furthermore, as for classical Hopf algebras, these structures are supposed to be
compatible. Explicitly, we have

A p=pRu-lg@m71y-A®A.

We consider a Hopf algebra H in the category of symmetric sequences equipped
with the tensor product of symmetric sequences. We say that H is a connected
Hopf algebra if H(0) = F. In this case, the unit and the augmentation of H are the
identity on H(0) = 1(0). (Recall that the unit for the tensor product of symmetric
sequences is concentrated in degree 0 and has 1(0) = F.)

The functors T : Modg — F(Modg) and T : Modg — F(Modg) preserve
the tensor product. Therefore, if H is a Hopf algebra in (Modé,@), then T'(H)
and I'(H) are Hopf algebras in (F(Modr),®). Equivalently, by definition of the
tensor product of functors, the F-modules T'(H, V) and I'(H, V') are equipped with
a structure of a (cocommutative) Hopf algebra which is natural in V' € Modp.
Explicitly, the product and the coproduct of T'(H, V') are the composite:

T(H,V)® T(H,V) ~ T(H,V) U rH,v)
and

T(H,V) > T(H,V) = T(H,V) o T(H,V).
If H is a connected Hopf algebra, then the unit and the augmentation of T'(H, V)
are given by the identification of F with the degree 0 component of T'(H, V). The
Hopf algebra structure of I'(H, V') is similar.

1.2.11. The Hopf algebra structure of the associative operad Asy. We have men-
tioned that T'(V) is equipped with a structure of a cocommutative Hopf algebra.
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The coproduct of (vy,...,v,) € T(V) (known as the shuffle coproduct) is given by
the formula:

A(v) = Z {Z(vs(l)a“' s Vs(iy) ® (Vs(ig1)s - 7Us(i+j))}~
i+j=n s

(The sum inside the brackets ranges over all (7, j)-shuffles.)

We claim that this Hopf algebra structure is induced by a Hopf algebra structure
on the symmetric sequence Asy. Let Ps € Asi(n), s € S, denote the monomial
Xg1) - Xg(n)- We have the identity s - P, = Py, s,t € S,,. In this paragraph, we
denote also the unit of S;, by 1,, in order to distinguish between them. Recall that

(Asy @ Asy)(n) = €D Indgr, g Asi(i) @ Asy ().
i+j=n
The product p: Asy @ Asy. — As, is characterized by
M(PS@Pt):PSGBtv
for P; € Asy (i), P, € Asi(j). Equivalently, pu(Ps ® P;) is the image of X1 X2 ®
P, ® P, under the operad product
As;(2) @ Asy (i) @ Asy(j) — Asy (i) @ Asi ().
By equivariance, for a tensor o - Ps ® P, € Indgf>< g, As4 (1) ® As;(j), we obtain
p(o - Ps® P) = 0 Py
The coproduct A : Asy — As; ® Asy is characterized by
A(P,)= Y P,oP,
i+j=n

Hence, if o € S,,, then, in Indg;’X s, As+ (1) ® Asi (j), we have the identity:

i+j=n
AP,)=A(o-P)=0-AP,)= Y 0P, ®P,
i+j=n

The unit and the augmentation of As are the identity on Asy(0) = F (hence, As
is a connected Hopf algebra). It should be clear that the product pu : Asy @ Asy —
Asy induces the canonical algebra product on T(V). On the other hand, it is not
hard to verify that the map induced by A on T'(V) is the shuffle coproduct.

1.2.12. On primitive elements. Let H be a cocommutative Hopf algebra. The
primitive part of H is the equalizer

A
PrimH — H ——<H®H.
nexk1+1R®ne

The commutator of X,Y € H is the element
(X Y]=pX®Y)-pur(X®Y)),

where 7* is the symmetry operator as defined in (1.1.4). We have the following
fact, which is well known in the classical theory of Hopf algebras:

1.2.13. Fact. Let X, Y € H. If X,Y € Prim H, then [X,Y] € Prim H.
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1.2.14. On commutators in Asy. Let Ps € Asy (i) and P; € Asy(j). It should be
clear that the commutator [Ps, P, as defined above, is the image of the tensor

(XlXQ — X2X1) ® PS ® Pt S AS+(2) ® AS+(Z) & AS+(])
under the operad product
As(2) ® sy (5) @ Asy (j) —> Asy(i+ ).

In fact, by definition, p(Ps ® P;) is the image of X; X2 ® Ps ® P; under the op-
erad product. Moreover, in Asy(2), we have X2X; = 7 - X1 X3. Therefore, by
equivariance, the operad product maps (7 - X1X2) ® Ps ® P, to u(7*(Ps ® P)).

Let P € Asy belong to the image of the operad embedding Lie — As,.
From the observation above, we deduce that P is a sum of iterated commutators
of X1 € As; (1) by itself. Thus, from the fact 1.2.13 above, we conclude:

1.2.15. Lemma. The image of the symmetric sequence Lie under the operad em-
bedding Lie — As is contained in Prim As, .

Now, the functor T' : Modg — F(Modg) is left exact. Therefore, if H is a
Hopf algebra, then we have the identity

I'(Prim H,V) = PrimI'(H, V).
Hence, for H = As,, we obtain the inclusion
I'(Lie,V) CT(PrimAs;,V) = PrimT(V).
Now, the proof of theorem 1.2.5 is complete, because, to recapitulate,
Lp,(V) CT(Lie,V) CPrimT (V) = £,(V).
In addition, since we have I'(Lie, V) = I'(Prim Asy, V'), we can deduce:

1.2.16. Proposition. If the symmetric sequence Asy is equipped with the Hopf
algebra structure defined above (cf. 1.2.11), then the operad embedding Lie —
Asy identifies Lie with Prim Asy C As.

1.2.17. Poisson algebras. As mentioned earlier, the Poisson operad is the composite
of the commutative operad with the Lie operad. In fact, we have a more precise
result. The Poisson operad Pois may be built from the commutative operad and the
Lie operad by the process of distributive laws (cf. [24]). Explicitly, as a symmetric
sequence, Pois is the composite Com o Lie. The operad product Poiso Pois —
Pois is the composite of a certain distributive law p : LieoCom — Como Lie
with the operad product of Com and Lie, explicitly:

(Como Lie) o (Com o Lie) L2205 (

The distributive law describes how the composite of a Lie operation with a com-
mutative operation may be written as the composite of a commutative operation
with a Lie operation. In our case, the commutative operad is generated by the op-
eration X; Xo € Com(2) and the Lie operad by the operation [ X1, Xa] € Lie(2) (cf.
[16]). Therefore, it is sufficient to specify the image of [X1, Xo] ® (X1 X2 ® X1) €
Lie(2) ® (Com(2) ® Com(1)) under the distributive law p. This image is given by
the Poisson relation

ComoCom) o (Lieo Lie) X5 Como Lie.

[X1X2, X5] = X[ X2, X3] + [X71, X5] Xo.

There is a similar process for monads (cf. [I, Section 9.2]). As an example,
T(p): T(Lie) o T(Com) — T(Com) o T(Lie) is a distributive law of monads. In
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the same way, I'(Pois) is the composite I'(Com) o T'(Lie) and I'(p) is a distributive
law, which gives the monad structure of I'(Pois). Therefore, a I' Pois-algebra is
the “composite” of a T'Com-algebra with a T" Lie-algebra. The calculation of T'(p)
determines the distributivity relations between these structures. In characteristic
2, we obtain:

1.2.18. Theorem. Fiz a ground field F of characteristic 2. A (graded) T Pois-
algebra is an F-module equipped with the structure of a (graded) divided power
algebra, and with the structure of a (graded) restricted Lie algebra, such that the
following distributivity relations are satisfied:
(1) fey, 2l =zly, 2] + [z 2y, Q) [w(@),y] = ma @)z, 9],
(3) F(zy) ==zylr,y]  and  (4) F(y(z) =0.

(The letter F' denotes the Frobenius operation of the restricted Lie algebra struc-
ture.)

Proof. For simplicity, we work with ungraded objects. The Lie bracket and the
Frobenius generate the Lie operations. The commutative product and the second
divided power generate the commutative operations. Therefore, it is sufficient to
write down the distributivity relations for these operations.
Relation (1) is clear. The problem is to show relations (2), (3), and (4). We
calculate the image under the operad product
I'(Pois,I'(Pois,V)) — T'(Pois, V)

of the left-hand side and of the right-hand side of each equation. We check that
these images agree.
Proof of relation (2). It is sufficient to prove the relation in I'(Pois, V), for V =
Span(z, y).
In T'(Pois, V), we have vy, (x) = X; --- X,, ® %", By (1.1.20), we obtain
[’yn(x)ay] = Z S [Xl"'XannJrl]®5*(x®n®y)~
SESn+1/SnxS1

In this sum, the coefficient of the word 2®" ® y, is the polynomial

(X1 X, Xpa] = ) Xy - X XX, X
i

By S,,t1-invariance, the other terms of the sum can be deduced from this one.
On the other hand, we have [z,y] = [X1, X2] ® (2 @ y) + [X1, X2] ® (y ® z), and
hence, by (1.1.20),

P)/nfl(x)[xvy] = Z S'Xl"'anl[Xn;XnJrl]
SESp4+1/Sn—1X5S2
®s.(z®" ' @rey+2¥" T @y o).
The (n—1, 2)-shuffles form a set of representatives of Sy, +1/Sn,—1x S2. An (n—1,2)-
shuffles such that s,(z®" ! ® x @ y) = 2®" ® y is specified by s(n) =i < n+ 1,
s(n +1) = n + 1. There is no (n — 1,2)-shuffle such that s,(z®" ' @ y®@ ) =
2®"1 @ 2 ® y, because this identity would imply s(n) = n + 1. Therefore, the
coefficient of z®" ® y in the expansion of v, _1(z)[z,y] is the sum

D5 Xio Xo[Xn, Xnsal,
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where s ranges over the set of (n — 1,2)-shuffles, which fix n + 1.
Finally, the coefficients of %™ ® y in [y,(x),y] and v,_1(z)[z,y] are equal and
identity (2) follows by S, 1-invariance.

Proof of relation (3). Once again, it is sufficient to prove the relation in I'(Pois, V),
for V' = Span(x, y).

Let us calculate F'(zy) in T'(Pois, V). In T'(Pois, V), the product zy is given by
the formula zy = X1 Xo® (r@y+y®x) and F(zy) is the image of [ X1, Xa]® (zy)®?
under the monad product

I'(Pois,T'(Pois,V)) — TI'(Pois, V).
We go back to the definition of this monad product (cf. 1.1.18). We obtain
F(ry) = Z s [ X1 X0, X3 X4 ®s.(zQyQ@zQy).
s€8S4/S2
(We consider the embedding Sy —— Sy, which maps s to the block permutation
5(2,2).) Let G be the subgroup of permutations, which fix the tensor z ® y ® z ®
y. The polynomial P = ESEG/Sz s+ [X1Xo, X3X4] is the coefficient of the word
T ®Yy®zQy in the expansion of F(zy). We have G = {1,(1 3),(2 4), (1 3)(2 4)}.
Moreover, (1 3)(2 4) is the block transposition 7(2,2), and hence, 1, (1 3) is a set
of representatives of G/Sy. Thus, we obtain
P = [X1Xo, X3 Xy] + [X2 X3, X1 Xy]
= X1 Xa[ X3, Xa| + X1 Xu[Xo, X3] + Xo X3[ X1, Xu] + X3 X4[X1, Xo].
On the other hand, by (1.1.20), zy[z,y], which is the product of
Xl @ z, Xl & Y, [leXQ] & ((E ® Y + Yy ® LE) € F(POZS,V),
is given by the formula
> 5 X1X2[X5, X4 05,(20yR20y+1RYyQYyQ ).
s€84/51%xS1%xS2
As representatives of S4/S7 x S1 x Sa, we take the (1,1, 2)-shuffles. The permuta-
tions s = 1, (1 3),(1 3)(2 4) are the (1, 1,2)-shuffles, which fix t ® y ® ¢ ® y, and
s = (24 3) is the unique (1, 1, 2)-shuffle such that s, (z@yRyYRz) =2RyRzrRyY.
Therefore, the coefficient of z®y®x®y in the expansion of zy[z, y| is the polynomial
(IT+(13)+(13)(24)+(243)) X1 Xa[X3, Xy
= X1 X[ X3, X4] + X3Xo[ X1, X4] + X3 X4[ X1, Xo] + X1 X4[ X2, X3].
As in the proof of relation (2), by Ss-invariance, it follows that F(zy) = zy[z,y].

Proof of relation (4). We prove the relation in I'(P, V), where V = Span(x). As
in the proof of relation (3), going back to the definition of the monad product, we
obtain

Flya(z)) = ) s- [X1 X2, X3 Xa] @ 2",

where s ranges over the set of (2,2)-shuffles such that s(1) < s(3). Thus, s = 1,
(2 3), or (24 3). We have

[X1 X2, X3X4] = X1 X3[Xo, Xu] + X1 X4 [ X0, X3
+ Xo X3 X1, Xu] + XoXu[ X4, X3],
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and by an immediate calculation, one may check the identity

(1+(23)+(243)) [X1 X2, X3X4] =0. O

1.2.19. On T'Pois-algebras in odd characteristic. In odd characteristic, we have
again

(1) [xya Z] = x[yv Z] + [lE, Z]ya (2) [Vn(x)ﬂ y] = anl(x)[xvy]v
and (1) F(,()) =0.
(

But it is more difficult to write down relation (3) explicitly. As in [6], one may
show that we have a distributivity relation of the form

3) Flay)= > a'yIi,
0<4,5,i+j<p
where I'; j are products of Lie polynomials in « and y. Furthermore, these polyno-
mials verify the relations

(i — )z, ylliy = [Tij—1,2] + [Tiz1,5, 9]
(see [6, pp. 336-337]).

2. HOMOTOPY OPERATIONS

2.1. General theory and classical results. We recall some classical results on
the nonlinear derived functors of Dold and Puppe. In particular, we show that the
derived functor of a monad is equipped with a canonical monad structure. This
gives us the right framework for the construction of homotopy operations from
algebraic structures.

Let V be a simplicial module. We denote the associated chain complex by C(V)
and the normalized chain complex by N (V). By definition

No(V):= () ker(di: Vi — Vuoa).

0<i<n

We denote by 7. (V) the homotopy of V', which is defined as the homology of the
chain complex C(V), or equivalently as the homology of the chain complex N (V).
Recall that we have a canonical decomposition

n—1
Vo =Na(V)® (D siVu1).
i=0

Moreover, N provides an equivalence between the category of simplicial F-
modules and the category of chain complexes. The inverse equivalence is denoted
by K (see [10] or [25] Chapter V]).

2.1.1. The “derived functor” of a nonadditive functor. Any functor T' : Modg —
Modyg extends to a functor T : s Modg — s Modg. We denote by T : n Modg —
nMody the functor defined by T, (V) := 7, T(KV). (Recall that s Modg denotes
the category of simplicial modules and nModg the category of graded modules.)
The functor T, also known as the derived functor of T, was introduced by Dold
and Puppe in [10] (see also [2], [3]).
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2.1.2. Theorem (See [8] Remark 4.5]). Let T : Modg — Modg be a functor.
There is an isomorphism

orx : Tu(m(X)) — m(T(X)),
which is natural in T € F(Modg) and in X € s Modg.

2.1.3. The natural isomorphism ¢ x. We specify such a natural isomorphism
o7 x. Let V be a graded module. We have a canonical isomorphism V — 7, (KV).
We set ¢ kv to be the composite

T (1 (KV)) T (V) = m.(T(KV)).

This property uniquely determines the natural isomorphism ¢7 x. More specifically,
we shall use the following observation (see fact 2.1.6 below). Let X be a simplicial
module. Let C be a graded module equipped with a map ¢ : C — 7,(X). Fix a
morphism of chain complexes ¢ : C — N(T'(KV')) which induces ¢’ in homotopy.
Then, c is equivalent to a morphism of simplicial modules ¢’ : KV — X. Now,
¢r1,x is supposed to be natural in X. It follows that the diagram

T.(V) —— 7. (T(KV))
T, (m (X)) 2225 7 (T (X))
commutes.

2.1.4. Proposition. Let S,T : Modg — Modg. There is a unique functor
isomorphism

as,T ST = (ST)*;
which makes the following diagram commute:

Sk
S T (X)) g (T X)

¢S,Txl
P L (STX)

as,T(Tf*(X))l
(ST)om. (X)

for each simplicial module X. Moreover, asr s unital and associative; we have
arr =ar,; =1 and as v - S«as = ast,v - as,Us.

2.1.5. The natural isomorphism agr. In fact, if V is a graded module, then the
map ag, (V) : SiT (V) — (ST)«(V) is necessarily

bs,T(KV)
=

Se(Tu(V)) = Su(me (T(KV))) T (S(T(KV))) = (ST)«(V).

Thus, if we fix the morphism ¢ as in (2.1.3), then we obtain

2.1.6. Fact. Let C be a graded module equipped with a map ¢ : V. — T (V).
Fiz a morphism of chain complezes ¢ : C — N(T(KV)) which induces ¢’ in
homotopy. Then, c is equivalent to a simplicial morphism ¢’ : KC — T(KV).
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We claim that the diagram

commutes.

2.1.7. Homotopy operations arising from algebraic structures. If T is a monad, then
the previous proposition implies that T is also a monad. If A is a simplicial T-
algebra, then 7, (A) is a Ti-algebra. There is an explicit description of the structure
of a T,-algebra in the following cases:

- T is the free commutative algebra functor (see [I1], [18] and [I7, Section II.2]
for the case Char F = 2, and [3], for the general case);

- T is the free restricted Lie algebra functor (see [4] and [7]).

Assume CharF = 2. If A is a simplicial commutative algebra, then there are
nontrivial operations

0i : mp(A) — mpi(A) for 2 <i < n.

Moreover, as mentioned in the introduction, 7, (A) is equipped with a structure of
a divided power algebra. In fact, the J-operations are also known as higher divided
squares, because the top d-operation 0y, : m,(A4) — w2, (A) is the divided square
vo of m(A). Similarly, if g is a 2-restricted simplicial Lie algebra, then there are
non-trivial operations

Xi 1 Tp(g9) — Tnyi(g) for 0 <i<n.

Moreover, 7. (g) is equipped with a structure of a 2-restricted Lie algebra. In fact,
the top A-operation A, : m,(9) — m2,(g) is the Frobenius of 7. (g).

By the Kiinneth formula, we have 7, T'(As, V) = T'(As, 7.(V)). Hence, we have
T(As), = T(As). (Recall that T(As) extends to a functor on the category of
graded F-modules.) More generally, if P is projective as a symmetric sequence,
then there are no nontrivial homotopy operations for simplicial P-algebras.

Similarly, the structure of a coalgebra gives rise to homotopy operations known
as Steenrod operations (see [9]). If H is a simplicial Hopf algebra, then m.(H)
is equipped with both operations arising from its algebra structure and Steenrod
operations arising from its coalgebra structure. The distributivity relations between
these operations have been calculated (cf. [29]).

To conclude, let us mention that many spectral sequences in algebraic topology
are equipped with a compatible action of operations of the nature above (see [12],
[30)).

2.2. Homotopy operations for simplicial algebras over an operad. We
study the structure of the derived functor of T'(M, —), where M denotes a symmetric
sequence. The main point is to understand the symmetries inherent to the shuffle
map.

2.2.1. The shuffle map. Let V1,...,V, be simplicial modules. The shuffle map is a
natural chain equivalence

V:iC(W)@---0CV,) — C(Vi®---aV,)
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which is strictly associative and commutative (cf. [22, Chapter 8] or [I0]). Let us
state precisely the facts which are used in this paper.

Let I = (I(1),...,I(r)) be an ordered partition of some ordinal {0, ... ,n —1}.
Below, we associate to I a natural transformation

Vi:CW)@---eCV,) — C(Vi®...0V).

Recall that an ordered partition I = (I(1),...,I(r)) which has #I(1) = a(1), ...,
#I(r) = a(r) is equivalent to an (a(1),... ,a(r))-shuffle. The sign of the partition
I, denoted by sgn(I), is the signature of the associated shuffle. The shuffle map is
defined as the sum

V= ngn([) -V,
I

where I ranges over the set of all ordered partitions.
Let I be as above. In fact, we define a map

Vi Coy(Vi) @+ @ Cony(Ve) — Cu(Vi @+ @ V)

and we set the map V to be zero on the other components. For p =1,... 7, the
complement of I(p) in {0,...,n — 1} is denoted by I'(p). Let C = {c1 < -+ < ¢t}
be any I'(1),... ,I'(r). We denote by o¢ the composite o, - - 0., in the simplicial
category. We define V; as the tensor product U},(l) R - ® U},(r).

2.2.2. The operad of ordered partitions. In the sequel, we denote by II(r) the set of
ordered partitions of all finite ordinals into » components. In the next paragraphs,
we show that II is equipped with a kind of operad structure.

2.2.3. Composition of partitions and associativity of the shuffle map. We have
mentioned that the shuffle map is associative. Nevertheless, in order to prove
certain associativity relations (see lemma 2.2.15), we need a stronger result, which
we express as follows.

There is a (partially defined) composition product

I(r) x I(s1) x - - x H(sp) = — = (s1 + -+ - + $p).

The composite K = I(Jy,...,J.) is defined as follows. We assume that I =
(I(1),...,I(r)) is an ordered partition of {0,...,n — 1} such that #I(p) = a(p).
We assume that J, = (Jp(1),...,Jp(sp)) is an ordered partition of {0, ... ,a(p)—1}
such that #J,(q) = Bp(q). Then

K:(K(lvl)a 7K(1781)7"' ,K(?“,].),... 7K(Ta3r))

is an ordered partition of {0,...,n — 1} such that #K(p,q) = Bp(¢). If I(p) =
{i(1) < --- < i(a)} and Jp(q) = {j(1) < --- < j(B)}, then we define K(p,q) :=
{i(5(1)) < --- <i(4(6))}. In fact, if s (resp. t1, ..., t.) is the shuffle associated to
the partition I (resp. Jp, ..., J,). then s-t1®---®t, is a shuffle and I(Jy,... , J;)
is the partition associated to this shuffle.

Now, the associativity of the shuffle map follows from the following fact:

2.2.4. Fact. Whenever it makes sense, we have the identity

VI'(VJl ®"'®VJT)ZVI(JI’”"JW.). O
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2.2.5. Invariance under the action of the symmetric group. The set of ordered
partition II(r) is equipped with the obvious action of the symmetric group S,:
if I = (I(1),...,I(r)) € II(r) and o € S,, then ¢*I is the partition o*I =
(I(c(1)),...,I(o(r))). In fact, if s is the (a(1),...,a(r))-shuffle associated to
I, then the composite

s-o (a(l),...,a(r))

isan (a(o(1)),... ,a(o(r)))-shuffle and o*I is the partition associated to this shuf-
fle. Recall that

c*:CVi) @ @C(V;) = C(Von)) ® - @ C(Vo),
and
o CVi®--@V,) = C(Voq) @ @ Vo))

denote the natural transformations given by place permutation.
We have mentioned that the shuffle map is commutative. This property follows
from the following fact:

2.2.6. Fact. Let I be a partition of {0,... ,n— 1} into r components. Let o € S,..
We have the identity

o*-sgnl-Vy=sgn(c*l) Vy-y-0". O
2.2.7. The homotopy morphisms induced by the shuffle map. Fix a symmetric se-

quence M and a graded module V. Since the shuffle map is equivariant with respect
to the action of the symmetric group, it induces a simplicial morphism

V:KT(M,V) — T(M,KV).
Hence, in homotopy, we obtain
Vi:T(M,V) — mT(M,KV)=T(M).(V).
Similarly, the shuffle map induces a simplicial morphism
V:KI'(M,V) — I'(M,KV)
which gives in homotopy
Ve: T(M, V) — mIT(M,KV)=T(M).(V).

The next lemma follows from the associativity of the shuffle map. We do not give
the proof of this lemma which is similar to the proof of lemma 2.2.15 below.

2.2.8. Lemma. Let F(M,—) denote either the functor T(M,—) or the functor
I'(M,—). The natural transformation defined above V. : F(M,V) — F(M).(V)
is compatible with the composition of symmetric sequences. Explicitly, the diagram

F(M,F(N,V)) —— F(M,F(N).(V)) —— F(M).F(N).(V)

: :

F(MoN,V)

(F(M)F(N
\ .

F(M o N).(

)« (V)

s commutative. O
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As a consequence, we obtain

2.2.9. Proposition. Let P be a connected operad.

1) The natural transformation Vi : T(P,V) — T(P).(V) (respectively, V. :
(P, V) — T(P).(V)) is a morphism of monads.

2) If A is a simplicial P-algebra (respectively, T'P-algebra), then . A is equipped
with the structure of a graded P-algebra (resp. T'P-algebra). O

In fact, if A is a simplicial P-algebra, then the P-algebra structure of m.(A)
should be clear. The P-algebra product of m.(A) is induced by the composite of
the P-algebra product of A with the shuffle map

P(r) ® C(A)®" L P(r) @ C(A®T) — C(A).

The product P(r) @, (A)®" — m.(A) is associative and S,-invariant because the
shuffle map is.

If A is a I'P-algebra, then it is less obvious that m.(A) is a I'P-algebra, because
there is no direct map from (P(r) ® m.(4)®")5" to m. (P(r) @ A®")5.

A graded module V is 2-reduced if V = V3 = 0. If V is 2-reduced, then it is not
hard to see that T'(P).(V) is 2-reduced. Therefore, T'(P). restricts to a monad on
the category of the 2-reduced graded modules. If V is a simplicial module, then
my>2(V) denotes the graded module @, 7 (V).

The following theorem is the main result of this paper.

2.2.10. Theorem. Let P be a connected operad. For V' 2-reduced, there is a mor-
phism of monads

VY T(P,V) — T(P).(V)
which fits into the commutative diagram

Tr.

T(P)«(V) —=T(P).(V)

R\ Vg
V. S V.
~
~

T(P,V) —=—T(P,V)

The proof of this theorem is postponed to the end of this section. Recall that
Tr : T(P,V) — I'(P,V) is the morphism of monads given by the norm map.
In homotopy, the norm map induces a morphism of monads Tr, : T(P).(V) —
T'(P).(V). Tt is easy to see that the solid part (the frame) of the diagram of the
theorem commutes.

2.2.11. Corollary. If A is a simplicial P-algebra, then the P-algebra structure of
m>2(A) extends to a structure of a graded I'P-algebra.

As an immediate consequence, by theorem 1.2.5 and theorem 1.2.3, we obtain

2.2.12. Corollary. 1) If A is a simplicial commutative algebra, then my>2(A) is
equipped with a structure of a graded divided power algebra.

2) If g is a connected simplicial Lie algebra, then m.>2(g) is equipped with a
structure of a graded restricted Lie algebra.

In the case of commutative algebras, we recover the divided power operations
introduced by Cartan in [5].
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It follows from theorem 2.2.10 that the morphism V, : T(P,V) — T(P).(V)
is not an embedding in general; the next proposition implies that the morphism
VO:T(P,V) — T(P).(V) is.

2.2.13. Proposition. Let M be a symmetric sequence. The morphism
V.:T(M,V) — T'(M).(V)

is an embedding.

Proof. Fix v € T'(M,V). In regard to the proposition, we may assume that ~ is

homogeneous. Explicitly, v € (M(n) ® V)5 where n € N. Furthermore, we
may assume that v has an expansion of the form

y= Y (02) @ o (vPr 0o

0c€SR/Sa

where vy, ... ,v, are linearly independent elements of V and x € M (n)Sa. In this
way, the S,,-module generated by (vP" ---v®%7) is a direct summand of V&,
By definition, V. (v) is represented by the cycle

=Y sgu(I)(07) ® Vo (P - v2)) € N((M(n) © (KV)®")S)

(see 2.2.7). Let Kv; € KV denote the image of the F-module generated by v; under
the K functor. Clearly, V(v) is an invariant tensor in the S,-module generated by

N(M(n)® (Kv)®* @+ @ (Kv,)®*) C N(M(n) ® (KV)®").
Furthermore
Ny ((Kv1)®* ®- - @ (Kv,)®* ) vanishes in degree t > ay|vy|+- - -+ |v,|. Hence, if

V.(v) vanishes in 7, (['(M, KV)), then V(v) is null in N (I'(M, KV')). To conclude,
observe that

ngn (07) @ Vo (0P - 029)) = 0
implies
r® (VP @) = 0.
(Recall that vy,... ,v, are supposed to be linearly independent.) [l

Theorem 2.2.10 is an immediate consequence of the next lemmas. More precisely,
lemma 2.2.14 shows the existence of the map VY : T(P,V) — T(P).(V) and
lemma 2.2.15 implies that V9 is a monad morphism.

2.2.14. Lemma. LetV be a 2-reduced graded module. There is a unique simplicial
morphism Vo : KI'(M,V) — T(M,KV) which makes the following diagram
commute:

T(M,KV) —25T(M,KV)
e IF
KT(M,V)

Proof. This lemma follows from the following observation: the symmetric group S,
acts freely on the set of partitions I = (I(1),...,I(r)) such that

I(k)#0, Vk=1,...,r
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Let v € T'(M, V). We may assume v = > 2' ® (vél) ®--- ®vér)) with z¢ € M(r)
and vék) € V. Recall that V(y) € I'(M, V) is given by the formula

V) = 3 seall)-af © Vi, @ @ vf,):
I€ll(r)
By hypothesis, we have |vék)| > 1. Therefore, the observation above implies that

V(v) belongs to a submodule of M(r) ® (KV)®" on which the symmetric group
acts freely. As a consequence, there is a unique V%(y) € T(M,KV) such that
TrVO(y) = V(v). Explicitly, we have

Vo= Y seall) -2 @ Vil @ @)
Ie(r)/S-
(I ranges over any set of representatives of the quotient II(r)/S,).

It remains to prove that VY(y) is cancelled by the face operators d;. This is
clear if t = 0 and we assume ¢ > 0. Let I be a partition. If we have ¢t — 1,t € I(k)
for some k, then t — 1,¢ & I'(k) and it follows that d; V() vanishes. Now assume
that t — 1, ¢ belongs to different components of the partition I (say t — 1 € I(p),
t € I(q)). Define I° as the partition I with ¢+ — 1 and ¢ transposed (explicitly,
t € I%p), t —1 € I%4g)). In this manner, we have

o101y 0t = O (iy0e, Ve =1,...,m, sgn([o) = —sgn(])
and hence
sgn(1)d; V1 (v) 4+ sgn(I°)d; Vo (v) = 0.
If I° = o*I for some o € S,., then we have necessarily I(p) = {t — 1}, I(q) = {t}
and 0 = (t — 1 t). But if #I(k) = |vék)| for k = 1,...,r, then this possibility is
excluded, because by hypothesis #1(k) > 2. Hence, the map I — I° permutes the

orbits of the action of the symmetric group S,.. This completes the proof of the
identity d;V°(y) = 0. O

2.2.15. Lemma. The natural transformation VO : T(M,V) — T(M).(V) is
compatible with the composition of symmetric sequences. Explicitly, the diagram

D(M,T(N,V)) —= T (M, T(N).(V)) —— T(M),.T(N).(V)

: :

I'(MoN,V)

(T(M)T(N

T(M o N).(

)«(V)

s commutative.

Proof. Fix v € I'(M,T(N,V)).

At first, we calculate v/, the image of v in T(M).T(N).(V), and +”, the image
of v in (T(M)T(N)).(V).

We may assume that v has an expansion of the form

y= ) (0) @0.(yP -2,
0€Sn/Sa
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where 2 € M(n)%>, and v1,...,7. € I'(N,V). We use the same notation as in
(1.1.20) for the expansion of 7j:

Yo =D Y @ vy € (N(sp) @ VE*)Sur,

where y) € N(sg) and v,y € V.

By definition of V, using the fact 2.2.6, for ' € 7, (T(M, Km.T(N, V))), we
obtain the expansion

V= 3w VI )P V).
I€(n)/Sa
Let us calculate 4" € 7 .(T'(M o N,V)). We denote t = ays1 + -+ + a,s,. The
wreath product Sa, 1S5, X -+ X S, 1S5, is the semi-direct product
Sap - SqM X X Sy, - SZO

We have a canonical embedding

Sa, 18s; X ++- X 84,085, — S,

which maps o € S,, to the obvious block-permutation. By concatenation, we
obtain the word

Qa Qo ®t
vyt eyt €V

The image of v under the canonical isomorphism
"M, T'(N,V))—T(M o N,V)

has the expansion
Ylewo G ain] ool i),

where o ranges over S;/Sa, 1Ss, X -+ X Sa, 1S5, . Hence, by definition of V°, using
the fact 2.2.6, we obtain

V= S O O VA a5

where I ranges over II(r)/Sq, 1S5, X -+ X Sq, 1S,
We now prove that v’ and 7" correspond under the associativity isomorphism

~

apny o) (V) : T(M)T(N)«(V) — (T(M)T(N))«(V).

We shall use the fact 2.1.6. Let C be the graded module freely generated by
€1,...,er, with |ey| := |y, ... JJer| :== || Let ¢: C — N(T(N,KV)) be the
morphism, which maps e; to VO(v;), for i = 1,...,r. Asin (2.1.6), ¢ : C —
m(T(N,KV)) is the map induced in homotopy, and ¢ : KC — T(N,KV)
denotes the associated simplicial morphism. Then, ¢’ induces

¢ m(T(M,KC)) — m(T(M,Kr.T(N,KV))),
and ¢ induces
i (T(M,KC)) — m.(T(M,T(N,KV))).
Consider the element e € 7, (T (M, KC)) represented by the cycle

S ee v o)
I€Il(n)/Sq
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On one hand, we have

C; (e) = Z & VI(VO(’yl)@al e VO(,YT)®0¢,,.).
Iel(n)/Sa

Hence, ¢, (e) =~'. On the other hand, we have:

e) = z@(yay -y @ Vi(Va i) ® - @ Vi, i),

where I ranges over II(n)/S, and Ji, k = 1,... ,r, ranges over II(s;)/Ss,. Then,
using the fact 2.2.4, it is easy to see that ¢/(e) = 4. Finally, we can deduce the
identity

1"

aT (M), T(N) (V)(W/) =7

from the fact 2.1.6. (|

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.
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